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We propose novel benchmark examples of dynamic failure paths of truss structures.
Novelty arises from use of a logarithmic strain measure, within a total Lagrangian formu-
lation, combined with a continuum material damage model. Previous benchmarks have
considered the usual engineering strain measure, which is not always useful, as it can lead
to material degeneration under finite levels of stress. Ductile material behavior has been
considered in the literature, addressing plasticity and some material softening, but neglect-
ing material degradation. Herein, damage accumulation is associated to the hydrostatic
component of plastic strains, leading to a stable and explicit representation of material
degradation. The original static formulation, presented elsewhere by the authors, is
extended herein to the dynamic analysis of failure paths of truss structures. Several numer-
ical examples from the literature are studied, and the differences in dynamic behavior are
pointed out. In our implementation, as individual bars are damaged, elastic unloading and
load redistribution are observed. When the critical damage hypothesized by Lemaitre is
reached by individual bars, these are fully unloaded, with no material degeneration or
numerical instability. Numerical results highlight the significant effects of material degra-
dation in the dynamic behavior of truss structures under exceptional loads. We propose the
set of examples addressed herein as the new benchmarks to which future developments in
geometrical and material non-linear truss modelling will be compared.

� 2021 Elsevier Ltd. All rights reserved.
1. Introduction

Recent events leading to partial or full structural collapses such as Ronan Point Tower (UK, 1968) and Skyline Plaza (US,
1973), and terrorist attacks like those at Oklahoma City (1995) and World Trade Center (NY, 9/11, 2001) have raised aware-
ness about the importance of robust design, with objective consideration of progressive collapse following local damage by
abnormal loads.

Progressive collapse occurs when structures cannot totally dissipate the kinetic energy of abnormal loads [1–4]. Among
the complex energy dissipation mechanisms, there is the plastic work in element deformation, and the energy dissipation
associated with structural damping [5]. The response of structures during, or at the brink of progressive collapse, presents
a high degree of geometrical and material nonlinear behavior [6,7]. Therefore, material and geometric nonlinearities need to
be considered in the dynamic analysis of failure paths.
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As well pointed out by Adams et al. [8], the numerical analysis of failure paths also requires stable and efficient numerical
algorithms. Stability, in this context, means that complete failure of individual elements should not cause numerical prob-
lems to the solver. Efficiency means that accurate numerical solutions for realistic structures should be obtainable within
acceptable computation times.

A number of methods have been presented in the literature to address the nonlinear dynamic modelling of failure paths of
truss structures. Nonlinear hysteretic Ramberg-Osgood material models where considered by Noor and Peters [9] and by Zhu
et al. [10]. Noor and Peters [9] presented a mixed formulation, involving algebraic and differential equations for unknown
member loads and nodal displacements; Zhu et al. [10] employed an updated Lagrangian formulation. Malla et al. [11] devel-
oped a FEM model which could track and reproduce the force–deformation characteristics of individual truss members dur-
ing cyclic loading. A similar idea was developed by Thai and Kim [12], who also implemented a Lagrangian formulation to
efficiently handle the large displacements observed in the failure paths. Both studies [11,12] employ the usual engineering
strain measure, which can lead to material degeneration, under finite levels of stress. The formulations above [9–12] address
ductile non-linear material behavior, and they can capture some material softening, but they don’t account for increase in
the material yield surface, nor explicitly model material degradation.

A novel formulation is presented herein, for the dynamic analysis of failure paths of truss structures, which explicitly
models material degradation, and which accounts for increase in the material yield surface. The work is an extension of
the static formulation by Felipe et al. [13], which combines: a total Lagrangian formulation, an objective strain measure, duc-
tile and damage material modelling, with damage described by porosity accumulation. In this manuscript, the static formu-
lation in [13] is extended for the dynamic modelling of truss failure paths. The developed model is usefull in progressive
collapse analysis of truss structures, but in this manuscript, only failure path analysis is considered. Yet, failure paths are
analyzed until the complete collapse of the truss structure.

The positional FEM approach adopted herein uses simple mathematical formalism and does not require rotation of coor-
dinate systems; this leads to easy numerical implementation and low computational cost. A logarithmic strain measure is
employed, leading to a geometrically exact description of the solid deformation. The formulation includes a comprehensive
ductile-damage material model, relating the hydrostatic component of plastic strains to accumulated damage and objective
material degradation. In Felipe et al. [13], this model is shown to accurately represent the static response of eight different
materials, ranging from softening to hardening behavior. In this paper, the formulation is extended to the dynamic analysis
of failure paths of truss structures. A number of benchmark problems from the literature is analyzed, ranging from academic
to practical application examples. Results demonstrate accuracy and efficiency of the formulation. Results highlight the
effects of material degradation in the dynamic behavior of truss structures.

2. A total-Lagrangian formulation for material and geometrical nonlinear dynamic analysis of truss failure paths

2.1. Strain energy and logarithmic strain measure

The total mechanical energy Pð Þ of a truss structure can be expressed as follows:
1 Eng
P ¼ U þ K þ P þK ð1Þ

where U is the strain energy; K is the kinetic energy; P is the potential energy of the applied forces, and K is the dissipated
energy.

The strain energy stored in structural elements is defined as [14–16]:
U ¼
Z
V0

WdV0 ð2Þ
where W is the Helmholtz free energy potential, and V0 is the initial volume, related to the initial configuration.
One key advantage of the model presented herein, in comparison to the literature [9–12],1 is use of a logarithmic or true

strain measure, eln ¼ ln 1þ eð Þ. When combined with the Lagrangian formulation, this leads to an exact description of the solids
deformation, and avoids material degeneration. When combined with a material damage model, this allows smooth unloading
of failed bars, with stability in numerical computations.

Assuming the multiplicative decomposition [17–20] of the logarithmic strain measure elnð Þ, and the decoupling between
elasticity-damage and plastic hardening [21], W can be written as follows [13]:
W eeln;D;-
� � ¼ 1

2
eeln 1� Dð Þ@eeln þ

1
2
-I- ð3Þ
where eeln is the elastic part of log-strain; D is the damage variable; @ is the elastic modulus of the undamaged material; I is
the isotropic hardening parameter, and - is the internal hardening variable.

In classical plasticity formulation, the plastic potential F(s,v) is defined by [22,23]:
ineering strain measure e is employed in [12,13].

2
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_epln ¼ _c
@F s;vð Þ

@s
and _- ¼ _c

@F s;vð Þ
@v ð4Þ
where the dot (_) denotes temporal derivate; epln is the plastic part of log-strain; c is the plastic multiplier, which must satisfy
the classic Kuhn-Tucker relations [22], and v is the thermodynamic force, which is the conjugate of hardening [24,25], and
which is written as:
v ¼ � @W eeln;D;-
� �
@- ¼ �I- ð5Þ
The minus sign in Eq. (5) denotes that v is dissipative. In the proposed formulation, epln and- are updated using the return
mapping algorithm [20]. Moreover, the formulation assumes von Mises yield criterion and multilinear isotropic hardening

behavior [13]. Consequently, for the uniaxial case, the yield function f s
�
;v

� �
is defined as follows [22]:
f s
�
;v

� �
¼ k s� k � sy þ v

� � ð6Þ
where sy is the initial size of the yield surface; ||.|| is the Euclidian norm, and s
�
is the effective stress, defined by [21]:
s
� ¼ s

1� D
¼ @eeln ¼ @ eln � epln

� � ð7Þ
In Eq. (7), s ¼ @W
@eln

is the Kirchhoff stress, which is the conjugate of the log-strain measure.

2.2. Material damage modelling

One key novelty of the model presented herein, in comparison to the literature [9–12], is the explicit modelling of mate-
rial damage. Material damage is assumed to be caused by micro-void growth and coalescence, or porosity accumulation [13].
The damage evolution law results in a comprehensive ductile-damage model, as proposed in [13]:
D uð Þ ¼ ap
1 u� epln;d
� �2

þ ap
2 u� epln;d
� �

þ ap
3 ð8Þ
where u is the plastic extension measure; ap
1, a

p
2 and ap

3 are characteristic parameters of the material, epln;d is the initial dam-
age threshold. One important feature of the FLHB model [13] is that the damage variable in Eq. (8) converges to the critical
damage value hypothesized by Lemaitre [26]:
Dcrit ¼ 1� sr
su

ð9Þ
where Dcrit is the critical damage, sr is the rupture stress and su is the ultimate stress.
Taking into account the effect of damage, stress in the softening regime is given by:
s ¼ ð1� DÞ@eeln ¼ ð1� DÞ@ eln � epln
� � ð10Þ
Note that the explicit consideration of material damage, and its implementation within a total Lagrangian formulation
implementation using nodal positions and a logarithmic strain measure, is the main contribution of ref. [13], which is
extended herein to dynamic analysis of failure paths of truss structures. This results in significant extension to the state-
of-the-art, in comparison to the relevant work in refs. [11,12]. The logarithmic strain measure provides an exact geometric
description of structural behavior, avoids material degeneration under large deformations. Moreover, material hardening
and softening are readily captured, as well as material degradation due to porosity accumulation. These modelling advan-
tages are explored in the results section, where benchmark solutions are computed and compared with those of the
literature.

2.3. Kinetic energy and damping

The kinetic energy is defined as follows [27–29]:
K ¼ 1
2

Z
V0

q0
_Z � _Z dV0 ð11Þ
where _Z is the velocity vector, in the current configuration, of a general point inside the domain, and q0 is the mass density
related to the initial configuration.

In a mechanical system subject to conservative external forces, the potential energy of the applied forces is defined by
[30]:
P ¼ �F extð Þ � Z ð12Þ
3
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where F(ext) is the applied external force vector, and Z is the vector of nodal positions in the current configuration.
The dynamic behavior of structures is associated with a process of energy dissipation, generally known as damping [27].

The damping effect can be idealized through an analogy to viscous damping in fluids, as proposed by Newton [28,29]. In the
case of viscous damping, energy dissipation K is proportional to velocity [31]:
K ¼
I

F damð Þ � dZ ð13Þ
where F(dam) is the damping force vector, defined in terms of nodal positions [31]:
F damð Þ ¼ C � _Z ð14Þ

and where C is the damping matrix. Substituting Eq. (14) in Eq. (13), one obtains:
K ¼
I

C � _ZdZ ¼
I

C � _Z dZ
dt

� �
dt ¼

I
C � _Z � _Zdt: ð15Þ
Assuming proportional damping, the damping matrix can be obtained from a Caughey series [32], as follows:
C ¼ M
Xk�1

i¼0

gi M�1 � H0

� �i
ð16Þ
where gi are arbitrary proportionality factors, which must satisfy the conditions of orthogonality [27,28]; M is a constant
mass matrix, and H0 is the static hessian matrix, evaluated in the initial configuration.

For k = 2, Eq. (16) results in the Rayleigh method [33], which can be rewritten as:
C ¼ g0M þ g1H0 ð17Þ

In this paper, proportional mass damping [34,35] is considered, i.e, g1 = 0. Consequently, Eq. (17) becomes [27]:
C ¼ g0M ¼ 2nxM ð18Þ

where n is the damping ratio, and x is angular frequency.

A constant mass matrix is considered in the truss formulation, hence:
M ¼ q0A0l0
2

I ð19Þ
where A0 is the initial cross-sectional area; l0 is the initial length of the truss finite element, and I is the identity matrix.

2.4. Initial, intermediary and current configurations

The proposed formulation is based on three mappings: one related to the initial configuration, one associated with the
intermediary configuration, and the third to the current configuration. For the following development, kinematics mapping
is adopted, following [13].

2.5. Solution procedure

When written in terms of nodal positions (instead of displacements) [31], the total mechanical energy in Eq. (1) becomes:
P Zð Þ ¼
Z
V0

W eln Zð Þ;D;-ð ÞdV0 þ 1
2

Z
V0

q0
_Z � _ZdV0 þ

I
F damð Þ � dZ � F extð Þ � Z: ð20Þ
This functional does not depend on parameters- and D, because of the intrinsic relation between eln and s [13]. The prin-
ciple of stationarity states that any variation of the energy functional (Eq. (20)) is zero at the equilibrium position, i.e.:
@P Zð Þ
@Z

dZ ¼ @U
@Z

dZ þ @K
@Z

dZ þ @K
@Z

dZ þ @P
@Z

dZ ¼ 0
!
: ð21Þ
Due to the arbitrariness of dZ, Eq. (21) results in n geometrical nonlinear dynamic equilibrium equations.

The strain energy variation concerning nodal positions defines the internal forces vector F intð Þ [36]. By the energy conju-
gate principle, the derivative of Helmholtz free energy potential concerning the log-strain measure is the Kirchhoff stress
[37]. Thus, by applying the chain rule on the first term of Eq. (21), one obtains:
F intð Þ Zð Þ ¼ @U
@Z

¼
Z
V0

@W eln Zð Þ;D;-ð Þ
@eln

@eln
@Z

dV0 ¼
Z
V0

s @eln
@Z

dV0 ð22Þ
where
4
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@eln
@Zai

¼ �1ð Þa z2i � z1i
� �

l2
� ð23Þ
In Eq. (23), parameters a = 1, 2 represent finite element nodes; i = 1, 2 or i = 1, 2, 3 indicates axes direction, for truss finite
elements in 2D and 3D, respectively; l is the element length in the current configuration, and z are the current coordinates of
the nodes.

By the d’Alembert’s principle, the kinetic energy variation results in the inertia force vector F(ine), according to [27]:
F ineð Þ €Z
� �

¼ M � €Z: ð24Þ
The dissipation energy variation results in the damping force vector F(dam) [27], according to Eq. (14).
For conservative forces, the potential energy variation of the applied forces results in the applied external force vector

F(ext) [30], according to Eq. (12). Substituting Eqs. (22) and (24) in (21), leads to the following:
R
!

Zð Þ ¼ F intð Þ Zð Þ þ F ineð Þ €Z
� �

þ F damð Þ _Z
� �

� F extð Þ ¼ 0
! ð25Þ
where R
!

is the unbalanced force vector [16], which is a function of the current position vector Z.
Evaluation of Eq. (25) requires an algorithm for the integration in time. Therefore, Eq. (25) is first written in terms of time

steps ts+1, as follows:
R
!

Zsþ1ð Þ ¼ F intð Þ Zsþ1ð Þ þ F ineð Þ €Zsþ1

� �
þ F damð Þ _Zsþ1

� �
� F extð Þ

sþ1 ¼ 0
!
: ð26Þ
To solve Eq. (26), the Newmark time integration [38] and the Newton-Raphson algorithms have been combined. Then,
Newmark’s approximations, written concerning nodal positions, can be written as follows [16]:
_Zsþ1 ¼ Rs � cnDtQ s þ
cnZsþ1

bnDt
ð27Þ

€Zsþ1 ¼ Zsþ1

bnDt
2 � Q s ð28Þ
where,
Q s ¼
Zs

bnDt
2 þ

_Zs

bnDt
þ 1

2bn
� 1

� �
€Zs ð29Þ

Rs ¼ _Zs þ Dt 1� cnð Þ€Zs: ð30Þ

In Eqs. (27) to (30), bn and cn are the usual Newmark parameters [28]; Dt is time step, and Qs and Rs denote the dynamic

contribution of the past [16].
Substituting Eqs. (27) and (28) in (26), and recalling Eqs. (14) and (24), leads to the following:
R
!

Zsþ1ð Þ ¼ F intð Þ Zsþ1ð Þ þM � Zsþ1

bnDt
2 �M � Q s þ

cnC � Zsþ1

bnDt
þ C � Rs � cnDtC � Q s � F extð Þ

sþ1 ¼ 0
! ð31Þ
The Taylor series expansion of Eq. (31) for trial position Z0
sþ1 results in:
R
!

Zsþ1ð Þ ffi R
!

Z0
sþ1

� �
þrR

!
Z0
sþ1

� �
� DZsþ1 ¼ R

!
Z0
sþ1

� �
þ H � DZsþ1 ¼ 0

! ð32Þ
where H is the Hessian matrix. Since Eq. (32) is nonlinear, the Newton-Raphson algorithm is applied, leading to the
following:
DZsþ1 ¼ �H�1 � R! Z0
sþ1

� �
: ð33Þ
Consequently, a new trial position is calculated by:
Zsþ1 ¼ Z0
sþ1 þ DZsþ1: ð34Þ
The velocity and acceleration are corrected by Eqs. (27) and (28), respectively. The iterative process occurs until the fol-
lowing stopping criteria are satisfied:
k R
!

Zsþ1ð Þ k
k F extð Þ k 6 tolerance or

k DZsþ1 k
k X k 6 tolerance ð35Þ
where X is the initial position vector.
Application of the chain rule on the first term of Eq. (31) leads to the Hessian matrix, which is obtained as follows:
5
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H ¼ rR
!

Z0
sþ1

� �
¼
Z
V0

@eln
@Z

:
@2W

@2eln
:
@eln
@Z

þ @W
@eln

:
@2eln

@Z � @Z

 !
dV0 þ M

bnDt
2 þ

cnC
bnDt

� ð36Þ
The first term in Eq. (36) is the static Hessian matrix H(sta), which can be written as follows:
H stað Þ ¼ @U
@Z � @Z

¼
Z
V0

@eln
@Z

:
@2W

@2eln
:
@eln
@Z

þ @W
@eln

:
@2eln

@Z � @Z

 !
dV0: ð37Þ
The static Hessian matrix for a truss finite element j is given by:
Haj
hi

� �j ¼ A jð Þ
0 l jð Þ0 �1ð Þa �1ð Þj

l4
@j

t z2h � z1h
� �

z2i � z1i
� �þ sj l2 � 2 z2hð Þ � z1hð Þ

� �h i
dhi

n o
ð38Þ
where a = 1, 2 and j = 1, 2 are the element nodes; i = 1, 2 and h = 1, 2; or i = 1, 2, 3 and h = 1, 2, 3 are the axial directions for
truss structures in 2D and 3D, respectively; dhi is the Kronecker delta, and @t is the tangent modulus, which is given by the
second derivative of the Helmholtz free energy potential [37], as follows:
@t ¼ @W

@2eln
� ð39Þ
The comprehensive ductile damage model presented in this section is referenced as FLHB, using the surname initials of
the four authors of reference [13]. In ref. [13], the model was implemented for static analysis only; the extension to dynamic
analysis is a contribution of this manuscript.

3. Validation: dynamic problems from the literature

3.1. Academic problem with analytic solution

In this section, accuracy of the proposed formulation is demonstrated, in application to an academic problem with ana-
lytical solutions: a single bar subject to normal loading. The analysis is performed with and without damping. In the follow-
ing numerical analysis, a convergence tolerance of 10�6 is considered, based on the norm of position changes (Eq. (35)).

Fig. 1(a) presents the geometric input data of the single bar. Cross-section area, bar length, density and damping ratio are
given by A0 = 0.00785 m2; l0 = 1 m; q0 = 7850 Kg/m3 and n = 0.1, in that order. Newmark parameters are bn = 0.25 and
cn = 0.50. Time step is Dt = 0.025 s. Fig. 1(d) presents the constitutive law of material, where young‘s modulus and yield
stress are given as @ = 205000 N/m2 and ry = 250 N/m2, respectively. Damage parameters are:ap

1 ¼ 0; ap
2 ¼ 11:65; ap

3 ¼ 0;
epln;d ¼ 0:0125 and Dcrit = 0.214.

3.1.1. Response to step load
A step load is a discontinuous force that suddenly changes from zero to a constant value f0 [27], as illustrated in Fig. 1(b).

The step load is defined as:
FðtÞ ¼ f 0 for t P 0
0 for t < 0:

�
ð40Þ
The equation of motion of the truss in Fig. 1(a) can be written as:
m€u tð Þ þ c _u tð Þ þ ku tð Þ ¼ FðtÞ ð41Þ

where m is the mass, c is the viscous damping, k is the stiffness, €u tð Þ is the acceleration, _u tð Þ is the velocity, u tð Þ is the dis-
placement, and F(t) is the external force.

Eq. (41) is a nonhomogeneous ordinary differential equation. Thus, the solution u(t) is the sum of the complementary
solution (homogeneous equation) and a particular solution (nonhomogeneous equation). In case of an undamped system,
with initial conditions u 0ð Þ ¼ _u 0ð Þ ¼ 0 and F(t) = f0, the displacements are obtained as:
u tð Þ ¼ f 0
k

1� cos xntð Þ½ � ð42Þ
where xn ¼
ffiffiffi
k
m

q
is the natural angular frequency.

For a dissipative system, with initial conditions u 0ð Þ ¼ _u 0ð Þ ¼ 0 and F(t) = f0, the solution of Eq. (41) is expressed as:
u tð Þ ¼ f 0
k

1� e�nxnt cos xdtð Þ þ nxn

xd
sin xdtð Þ


 �� �
ð43Þ
6



Fig. 1. Input data for academic test problem: (a) geometry; (b) step load; (c) harmonic load; and (d) constitutive law of the material.
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where xd ¼ xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

p
is the dampened vibration frequency and n is the damping ratio. With the input data presented

above, the system constants become: k = 1609.250 N/m; m = 30.811 Kg; xn = 7.227 Hz; and xd = 7.191 Hz. The amplitude
of external force is assumed equal to f0 = 5 N.

Fig. 2 compares the analytical response with the respose obtained using the developed formulation. As observed, the solu-

tions are nearly identical. The static displacement is ustatic ¼ f 0
k ¼ 0:0031 m. Note that the dynamic response vibrates around

the static response, as expected. In this example, the geometrical nonlinear dynamic solution is approximately equal to the
analytic solution, since the level of strains is small.

The Dynamic Amplificatory Factor (DAF) for a conservative system is defined as DAF = 1 – cos(xnt). This equation shows
that maximum displacement (umax) of a conservative Single Degree of Freedom (SDOF) system, when a load is suddenly
applied, is equal to umax = 2ustatic; a result widely known for undamped systems. For the damped system (Fig. 2(b)), the
DAF is smaller than 2, due to energy dissipation before the point of maximum amplitude is reached. The first time that umax

occurs is calculated by deriving Eq. (43) w.r.t. time and equating to zero, which results in tmax ¼ p
xd

¼ 0:437 s. At time t = tmax,

the truss reaches umax = 0.0062 m (conservative system) and umax = 0.00536 m (dissipative system), as illustrated in Fig. 2.
Consequently, the dissipative system leads a DAF equal to 1.73.

Fig. 3 shows the displacement time histories, for the conservative and dissipative systems, when geometrical andmaterial
nonlinearities are considered. The analysis is performed considering plasticity, and the comprehensive ductile-damage FLHB
model. The constitutive law presented in Fig. 1(d) is used. Fig. 4 illustrates the corresponding stress–strain curves.

As can be observed, in the nonlinear plastic dynamic solution, the element starts yielding under constant stress, as the
material ultimate stress is reached. The plastic analysis cannot model softening, which preceeds rupture. On the other hand,
the nonlinear dynamic solution using the ductile-damage FLHB model produces very consistent results: the bar softens after
reaching the ultimate stress, accumulating damage, and fails when the critical damage value is reached.

The FLHB solution very closely follows the material constitutive law, as illustrated in Fig. 4. When the bar reaches the
initial damage threshold, the mechanical degradation process starts, and proceeds until critical damage is reached, leading
to failure at t = 1.45 s (displacement = 0.102 m). It is also observed in Fig. 4 that the conservative system is more critical than
the dissipative system, since the former presents no energy dissipation. Consequently, the displacements are greater in the
undamped system, which leads to an increase in the level of strains, until the bar reaches the critical damage, according to
Fig. 5. In contrast, the dissipative system does not reach critical damage. Hence, the energy provided by the external step
7



Fig. 2. Displacement time histories considering geometrical nonlinearities only: (a) conservative system and (b) dissipative system.

Fig. 3. Displacement time histories considering geometrical and material nonlinearity: (a) conservative system and (b) dissipative system.

Fig. 4. Stress versus strain in bar: (a) conservative system and (b) dissipative system.
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Fig. 5. Damage evolution in bar.
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loading considered is sufficient to lead the conservative system to failure, but not the dissipative system. This points to the
importance of considering the appropriate energy dissipation mechanisms in numerical analysis of failure paths.

3.1.2. Response to forced harmonic loading
Harmonic loading is a continuous force that usually varies as a sinusoid [27]. Thus, the solution of Eq. (41) for an

undamped system, with initial conditions u 0ð Þ ¼ _u 0ð Þ ¼ 0 and F(t) = f0sin(xt) becomes:
u tð Þ ¼ f 0
k 1� b2� � sin xtð Þ � bsin xntð Þ½ � ð44Þ
where b ¼ x
xn

is the frequency ratio,xn ¼
ffiffiffi
k
m

q
is the natural angular frequency, f0 is the amplitude of external force (Fig. 1(b))

and x is the angular frequency of external force, or forcing frequency.
The solution of Eq. (41) for damped system, with initial conditions u 0ð Þ ¼ _u 0ð Þ ¼ 0 and F(t) = f0sin(xt) is given by:
u tð Þ ¼ e�nxnt C1cos xdtð Þ þ C2sin xdtð Þ½ � þ þ f 0
k 1�b2ð Þ2þ 2nbð Þ2

 � 1� b2� �

sin xtð Þ � 2nbcos xtð Þ
 �
ð45Þ
with
C1 ¼ 2nbf 0
k 1�b2ð Þ2þ 2nbð Þ2

 �

C2 ¼ xnf 0
kxd

2n2b�b 1�b2ð Þ
1�b2ð Þ2þ 2nbð Þ2


 �
Fig. 6 shows the displacement time history for the single-bar of Fig. 1(a), subjected to a harmonic force. The external force
angular frequency is 6.20 Hz, which is close to the damped and undamped natural frequencies of the system. Remark the
excellent agreement of the analytic and numeric responses for the solution with elastic material, for both conservative
and dissipative systems. The plastic solution deviates significantly from the elastic: due to accumulated deformation in ten-
sile loading, the plastic solution oscilates around a positive accumulated deformation. The displacements are greater in the
conservative system, compared to the dissipative system. Due to damping and plastic strains, energy dissipation in the later
leads to smaller displacements in the bar. Remark that the plastic solution for the conservative system is always positive.

Fig. 7(a)–(b) show the nonlinear dynamic response of the bar under harmonic loading. Note that the result obtained for
the elastic material is in good agreement with the analytic solution. As observed, the conservative system leads to greater
displacements, in both tensile and compression loading. Consequently, the level of strains in the bar is greater in the
undamped system, compared to the damped system. As observed in Fig. 7(c), the stress vs. strain curves for the plastic mate-
rial forms the expected hysteresis loops. This specific area within the loops is proportional to the energy dissipated per cycle
[27], in plastic deformations. For the elastic material, the stress vs. strain ‘‘loops” degenerate into a straight line. Thus, dis-
sipated energy due to hysteresis loops is equal to zero, according to Fig. 7(c). In this example, the damage response is equal to
the plastic response, since the material does not reach the softening regime, as illustrated in Fig. 7(c).

3.2. Numerical solutions

3.2.1. Two-bay cantilever truss
Fig. 8(a) shows a two-bay cantilever plane truss under step load. This truss was studied by Noor & Peters [9] using a mixed

formulation, and by Zhu et al. [10] employing an updated Lagrangian formulation. Young‘s modulus, yield stress, and density
9



Fig. 6. Displacement time history under harmonic loading: (a) conservative system and (b) dissipative system.

Fig. 7. Nonlinear dynamic response to harmonic loading: (a) force vs. displacement curve for the conservative system; (b) force vs. displacement curve for
the dissipative system and (c) stress vs. strain curve of the bar material.
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are given as @ = 71.7 GPa, ry = 280 MPa and q0 = 2768 Kg/m3. Cross-section area of the horizontal bars is Ah = 160 mm2,
whereas vertical and diagonal bars is Av = 130 mm2. Newmark parameters are bn = 0.25 and cn = 0.50. Time step is
Dt = 1.474 � 10�4 s. Angular natural frequency is 745.9145 Hz. Fig. 8(b) presents the step load, where f0 = 4.5 � 104 N.
10



Fig. 8. Input data: (a) geometry of a two-bay cantilever truss; (b) step load; and (c) constitutive law of the material.
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Fig. 8(c) presents the constitutive law of the material, for which damage parameters are obtained as: ap
1 ¼ 612:59;

ap
2 ¼ 16:956; ap

3 ¼ �0:02;epln;d ¼ 0:01 and Dcrit = 0.354.
Figs. 9 and 10 present the nonlinear dynamic response of the two-bay cantilever plane truss under a step load. Remark

that the results obtained are in good agreement with Noor & Peters [9] and Zhu et al. [10]. Note that the plastic and elastic
responses are distinctly different. Vertical displacements are greater for the plastic and damage analysis, as illustrated in
Fig. 9. On the other hand, normal forces are smaller for plastic and damage analysis, according to Fig. 10.

The proposed formulation achieved solution for each load step with only two and four iterations, respectively, for the
elastic and plastic solution. Thus, the proposed formulation, written in terms of nodal positions, presents good accuracy
and efficient convergence for dynamic analysis taking into account material and geometrical nonlinearities.

Fig. 11 illustrates the stress–strain response of bars 1 and 9, and the mechanical degradation process for these bars. As
observed in Fig. 11(b), the mechanical degradation process of bar 9 is initiated at about t = 0.0042 s, as this bar reaches
the initial damage threshold. This leads to a reduction in the level of the stress, and consequently, of the normal force in
bar 9, as illustrated in Fig. 10(b). Mechanical degradation of bar 1 starts at about t = 0.0046 s. Damage accumulates in both
bars, until critical damage is reached, at t = 0.0066 s and t = 0.0070 s, respectivelly. This leads to the local failure of bars 1 and
9; however, bars 3 and 4 still warrant equilibrium for the two-bay cantilever plane truss under the step load. As noted, the
formulations of Noor & Peters [9] and Zhu et al. [10] do not adequately address the response of this structure for times
greater that 0.0042 s, as these formulations do not take into account the mechanical degradation process.

3.2.2. Shallow truss arch
Fig. 12(a) presents a shallow truss arch. The geometric input data for this truss is given in ref. [10]; however, the material

model we employ is different, as shown in Fig. 12 (c). Cross-section area, density and damping ratio are give A0 = 0.0154 m2;
q0 = 7850 Kg/m3 and n = 0.1, respectively. Fig. 12(b) illustrates the harmonic loading that is applied in node 1, with param-
eters f0 = -1.4x105 N and x = 5 Hz. Fig. 12(c) presents the constitutive law of the material, where young‘s modulus and yield
stress are E0 = 200 GPa and ry = 200 MPa. Material damage parameters are obtained as:ap

1 ¼ 0; ap
2 ¼ 1500; ap

3 ¼ 0;
Fig. 9. Displacement time history in node 1: (a) elastic analysis; and (b) plastic and damage analysis.
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Fig. 10. Normal force in bar 1: (a) elastic analysis; and (b) plastic and damage analysis.

Fig. 11. (a) stress vs. strain curves for bars 1 and 9; (b) damage evolution in bars 1 and 9; and (c) stress vs. time curves for bars 1 to 10.
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epln;d ¼ 3:33x10�4 and Dcrit = 0.50. Angular natural frequency is 5.4751 Hz. Newmark parameters are bn = 0.25 and cn = 0.50.
Time step is Dt = 0.01 s. Results are compared with solutions provided by the ANSYS� software. In this example, the joint
effects of material and geometrical nonlinearities can be appreciated.

Fig. 13 presents the nonlinear static response of the shallow arch truss, for a force applied in node 1 equal to �140 kN,
same as the amplitude of the dynamic external force to be applied in the sequence. An excellent agreement in observed
12



Fig. 12. Input data: (a) geometry of shallow arch; (b) harmonic loading; and (c) constitutive law of the material.

Fig. 13. Nonlinear static response of the shallow arch truss: (a) force vs. horizontal displacement curve; and (b) force vs. vertical displacement curve.

Túlio R.C. Felipe and André T. Beck Mechanical Systems and Signal Processing 158 (2021) 107767
between the proposed plastic solution and results of the ANSYS software. Note that the limit point for snap-through force is
equal to Flim = 91 KN, as illustrated in Fig. 13(b). Flim is the maximum force that the shallow truss arch resists, in a stable
regime of static equilibrium, considering the effects of material and geometrical nonlinearity. For this analysis, the damage
response is equal to the plastic response, because the snap-through occurs before the material reaches the softening regime.

Newmark time integration is unconditionally stable for linear analysis. However, in nonlinear analysis the numerical sta-
bility of this integration algorithm is ensured by using a small time step. Fig. 14 presents the convergence analysis of the time
step. As observed in Fig. 14, the Newmark time integration is stable with Dt 	 0.01 s. Experience has shown that a Dt < Tn/20
(where Tn is the natural period), is usually sufficient to maintain numerical stability in nonlinear analysis. Thus, the following
analyses are made considering Dt = 0.01 s.

Fig. 15 shows the nonlinear dynamic response of the shallow arch truss, in terms of displacements versus time. Remark
that the results obtained are in good agreement with software ANSYS�. Note that the damage solution leads to greater ver-
tical displacements than the plastic solution, according to Fig. 15(b). This occurs because the damage solution takes into
account the mechanical degradation process, which decreases material stiffness.

Fig. 16 presents the force vs. displacement curve for the shallow truss arch, under harmonic loading. As observed, there is
a excellent agreement between the implemented plastic solution and the plastic solution by ANSYS� software. In the
13



Fig. 14. Convergence analysis for integration time step, displacement time histories in direction: (a) horizontal (X); and (b) vertical (Y).

Fig. 15. Nonlinear dynamic response of the shallow arch truss: displacement time histories in direction: (a) horizontal (X); and (b) vertical (Y).

Fig. 16. Nonlinear dynamic response of the shallow arch truss: (a) force vs. horizontal displacement curve; and (b) force vs. vertical displacement curve.
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dynamic solution, snap-through does not occur when Flim is reached, in the first positive cycle, since: a) the rate of loading
leads to increase in stiffness, and b) energy is dissipated by damping. Until time t = 1.38 s, the material is in the elastic
regime, which results in a greater area enclosed by the force vs. vertical displacement curve, as illustrated in Fig. 16(b). There
14
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is no energy dissipation due to plastic strains, nor to mechanical degradation. For t > 1.38 s, plastification of the bars is ini-
tiated, especially bar 18. At this point (t = 1.38 s), there is an abrupt change in the force vs. vertical displacement curve,
according to Fig. 16(b). Also, in the plastic regime, the area enclosed by the force vs. vertical displacement curve becomes
smaller, due to energy dissipation by plastic strains.

Concerning failure path of the nonlinear dynamic solution with damage, by t = 1.69 s, bar 18 reaches the initial damage
threshold, resulting in loss of local stiffness. By t = 1.88 s, bar 18 reaches the critical damage, while bars 6 and 30 pass the
initial degradation limiar, leading to sudden loss of stiffness of the shallow arch truss. Remark that the area enclosed by the
force vs. vertical displacement curve is even smaller than the curve of the plastic regime because, due to energy dissipation
in plastic strains and in mechanical degradation. The ANSYS� solution does not address the nonlinear damage dynamic
response, as it does not contain an equivalent model.
4. Numerical examples: failure paths under dynamic loading

This section demonstrates the accuracy of the proposed formulation in simulating the failure paths of truss structures
under dynamic loading. To simulate local failure of individual bars, two approaches can be used: (i) removal of bars that
reach the critical damage; or (ii) provide Young’s modulus approximately equal to zero for the bars that reach critical dam-
age. In this paper, the second approach is employed, as it avoids the need to re-mesh the structure, during the iterative pro-
cess of finding the nonlinear response.
Fig. 17. Geometry of the studied truss tower.
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4.1. Forty-seven member 2D truss tower under earthquake loading

This example illustrates the mechanical performance of a forty-seven member 2D truss tower subject to seismic loading,
in which the mechanical behavior of truss members are assumed either as elastic, elastoplastic or elastoplastic with damage.
Fig. 17 presents the geometry input data of the tower. The tower is subject to the El-Centro earthquake (1940), with the dis-
placement spectrum taken from [27]. The element cross-section areas are A0 = 100 mm2; damping ratio is equal to n = 0.02
and the time step is Dt = 0.01 s. Newmark parameters are bn = 0.25 and cn = 0.50. The material and damage parameters con-
sidered are the same as those of example 3.2.2. The angular frequency is equal to xn = 45.67 Hz.

Fig. 18 illustrates the first three vibration modes of the tower. Notice that the first and second modes are flexural, whereas
the third is tensile. The first vibration mode and the damping ratio enable construction of the damping matrix, according to
Eq. (18).

Fig. 19(a) shows the horizontal displacement vs. time curves for the top left node of the tower (node 1, as shown in
Fig. 17), for the three modeling cases: elastic, elastoplastic and elastoplastic with damage. As expected, a large difference
can be observed between the responses, in which larger displacements occur in the elastic case. The plastic analysis leads
to reduced values of displacements, because of the yielding of members E1, E2, E3 and E4 at the bottom of the tower (see
Fig. 17). The elastoplastic with damage condition shows much smaller displacements, because of damage accumulation at
members E2 and E3. These elements reach the critical damage at 0.56 s, which triggers the complete collapse of the tower
due to hypostatic condition, as detailed below.

Fig. 19(b) illustrates the damage evolution for members E2 and E3, whereas Fig. 19(c) shows the time-history of plastic
strains for the same elements. Yielding of these elements starts at 0.45 s. At the time t = 0.47 s, these members reach the
initial damage threshold: mechanical degradation starts, with a damage value equal to 0.046. In the time interval of
0.48 s to 0.49 s, elastic unloading occurs, as demonstrated by the earthquake displacement detail in Fig. 19(d). This unloading
triggers reversion of stresses, to tensile in bar E2 and compression in bar E3. Then, as the yielding criterion has not been
reached between points 2 and 3, this behavior leads to a constant value for total plastic strains (Fig. 19(c)) and damage
(Fig. 19(b)). From point 3, the plastic strains evolve until elements E2 and E3 reach the critical damage, which leads to
the full collapse of the tower. It is worth stressing that the real mechanical behavior modeling of this tower requires the com-
prehensive ductile damage model presented herein. Geometrical nonlinear analysis is far from representing structural
behavior. Geometrical and material non-linear analyses (with plasticity only) do not represent accurately the mechanical
degradations at certain strain levels. The comprehensive ductile damage model developed herein correctly captures the com-
plete failure paths of truss structures subject to dynamic loading.
Fig. 18. Tower vibration modes: (a) first; (b) second; and (c) third.
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Fig. 19. (a) horizontal displacement vs. time curve for node 1; (b) damage evolution in the bars; (c) total plastic strains in the bars and (d) segment from the
earthquake’s displacement curve.
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4.2. Geodesic truss dome under impulse loading

Impulse loadings have a very short duration and are caused by explosions, shock, failure of structural elements, support
failure, etc. [27]. Progressive collapse can be initiated by explosive events leading to impulse loading [39]. Fig. 20 shows a
geodesic truss dome, which is submitted to a symmetric triangular impulse load of duration td. The forcing function is
expressed as [27]:
d tð Þ ¼
2d0t
td

for t P 0
2d0 td�tð Þ

td
for t > td

2

0 for t > td

8>><
>>: ð46Þ
where d0 = -0.082 m (amplitude of impulse load) and td = 0.0024 s (duration of impulse load).
The bar cross-section areas are A0 = 7850 mm2; damping ratio is equal to n = 0.05; time step is Dt = 10�5 s and the natural

angular frequency is equal to xn = 1743.5 Hz. Newmark parameters are bn = 0.25 and cn = 0.50. Fig. 20(c) presents the stress
vs. strain curve of the material. The material parameters are: @ = 200 GPa; sy = 200 MPa and q0 = 7580 Kg/m3. Damage
parameters are:ap

1 ¼ 0; ap
2 ¼ 73:306; ap

3 ¼ 0; epln;d ¼ 2:64x10�3 and Dcrit = 0.121.
Fig. 21 illustrates the nonlinear static responses of the geodesic trus dome for d(t) = d0. The displacement is applied in one

hundred and twenty load steps. As observed in Fig. 21(a)-(b), the nonlinear elastic static solution is far from the actual
response for this structure. Note that the slope of the curves of the elastic response is larger than the plastic response, since
the elastic solution does not consider the loss of stiffness caused by plastic strains, as illustrated in Fig. 21(a)-(b). For an elas-
tic limit displacement of dlim,e = �8.2 mm, the snap-through elastic force is Flim,e = �490.9 kN. At this point, the determinant
of the Hessian matrix is null; consequently, the equilibrium is neutral. Between displacements of�8.2 and�44mm, the Hes-
17



Fig. 20. Geodesic truss dome: (a) top view; (b) side view; (c) constitutive law of the material and (d) symmetric triangular impulse load.
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sian matrix is negative (unstable regime); hence, convergence criterion in force cannot be used. Results present in Fig. 21
were obtained with a convergence criterion based on positions (Eq. (35)), with tolerance equal to 10�6.

Regarding the nonlinear plastic static solution, remark the reduction in stiffness due to the appearance of the plastic
strains, as illustrated in Fig. 21(a)-(b). Also, the snap-through plastic force (Flim,p = �476.4 kN) and plastic limit displacement
(dlim,p =�6.56 mm) are smaller for the plastic response, compared to the elastic case (see point 1 in Fig. 21(a)). As observed in
Fig. 21(d), when the bars 2, 3, 5 and 6 reach the ultimate stress, they yield under constant stress levels of �404 MPa. The
softening behavior is not captured by the plastic solution. On the other hand, the comprehensive ductile-damage FLHB
model yields very consistent results. At point 2 in Fig. 21(a), bars 2, 3, 5 and 6 reach the initial damage threshold, resulting
in loss of local stiffness and damage evolution on these bars. The second stiffness loss change (point 3) occurs when the bars
1 and 4 reach the initital damage threshold. Mechanical degradation process remain until the bars 2, 3, 5 and 6 reach critical
damage, leading to complete collapse of the geodesic truss dome.

Fig. 22 shows the nonlinear dynamic responses of the geodesic truss dome. In nonlinear dynamic solution, the snap-
through force is greater than in the static solution. Considering the plastic material analysis, the increase in snap-through
force is of 26.8%, with respect to the static solution. Nonetheless, limit displacement is smaller for the dynamic response,
since stiffness increases with the rate of loading.

As observed in Fig. 22(a)-(b), the developed comprehensive ductile-damage FLHB model captures local failure of bars 7 to
12, which occurs when the critical damage value is reached. As a consequence, the ductile-damage solution is very different
than the purely plastic solution, which does not capture softening behavior. Importantly, in the dynamic analysis, the dome
18



Fig. 21. Nonlinear static solutions of the geodesic truss dome for d(t) = d0: (a) force vs. vertical displacements for node 1; (b) force vs. horizontal
displacements for node 2; (c) damage evolution in bars and (d) stress vs. strain curve of bars 2, 3, 5 and 6.
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collapses due to failure of bars 7 to 12, whereas in the static analysis, bars 1 to 6 fail first. This points out to the importance of
considering dynamic solutions in failure path analysis.

Addressing some details of the plastic solution failure path, note that when the material reaches ultimate stress, the bars
yields under the constant stress of 404 MPa, until the strain of 0.01974. For time t 
 0.00120 s, the impulse load starts to
decrease, and elastic unloading occurs, until the strain level of 0.01547 (at t = 0.00126 s), as illustrated in Fig. 22(d). Between
times 0.00126 s and t = 0.0024 s, the elastic range remains unchanged since strain hardening is equal to zero. Between times
0.00198 and 0.0024 s occurs the second unloading.

Failure path of the nonlinear dynamic response with the FLHB model shows that, at time t = 0.00091 s (vertical displace-
ment of �62.18 mm), the bars 7 to 12 reach the initial damage threshold, resulting in loss of local stiffness, as illustrated in
Fig. 22(a). The mechanical degradation process continues until these bars reach the critical damage, which occurs for a ver-
tical displacement of �71.75 mm (t = 0.00106 s); this leads to the complete collapse of the geodesic truss dome. Note that, in
the dynamic response, collapse occurs at a displacement level smaller than that of the static response. Moreover, the collapse
of the geodesic truss dome occurred with distinct failure modes.
4.3. Efficiency evaluation

The formulation proposed herein for the dynamic analysis of truss structures leads to simple mathematical formalism,
easy numerical implementation and low computational cost. This last claim is evaluated by an analysis of computer process-
ing times, as reported in Table 1. Numerical solutions were computed on an Intel Core i7-8550U processor, with clock speed
of 1866 MHz. As observed in Table 1, the nonlinear dynamic solutions reported in this paper were obtained within very small
computation times.
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Fig. 22. Nonlinear dynamic solution of the geodesic truss dome: (a) force vs. vertical displacement curve in node 1; (b) force vs. horizontal displacement
curve in node 2; (c) damage evolution in bars and (d) stress vs. strain curve in bars 8, 9, 11 and 12.

Table 1
Processing time of the analyses.

Section Example Analysis Processing time (s)

3.1.1 Response to a step load Elastic 0.04687
Plastic 0.06250
Damage 0.07812

3.1.2 Response to forced harmonic loading Elastic 0.03125
Plastic 0.09375
Damage 0.10938

3.2.1 Two-bay cantilever truss Plastic 0.01562
Damage 0.03125

3.2.2 Shallow truss arch Plastic 0.10938
Damage 0.21875

4.1 Forty-seven member 2D truss tower under earthquake loading Elastic 0.10938
Plastic 0.14060
Damage 0.15625

4.2 Geodesic truss dome under impulse loading Elastic 0.12500
Plastic 0.20310
Damage 0.32810
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5. Concluding remarks

In this paper, novel benchmark solutions were proposed for nonlinear dynamic progressive collapse analysis of truss
structures. These solutions were computed with a comprehensive ductile damage model proposed elsewhere, but extended
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herein to dynamic analysis of trusses. The formulation uses nodal positions, instead of displacements, for writing the
mechanical energy functional. A logarithmic strain measure is employed for a geometrically exact description of truss dis-
placements. The simple mathematical formalism does not require rotation of coordinate systems, and leads to easy numer-
ical implementation and low computational cost.

Non-linear material modelling associates material damage accumulation to the hydrostatic component of plastic strains.
Material hardening and softening are readily captured, as well as material degradation due to porority accumulation. Dam-
age accumulates in members until the critical damage hypothesized by Lemaitre is reached, avoiding material degeneration
under large deformations. Thus, the numerical progressive collapse analysis can be carried forward, with failed members
transferring their internal forces to adjacent members, until local or global loss of equilibrium.

Benchmark problems were taken from the literature. Observed truss behaviors included yielding, inelastic snap-through,
unloading and reloading. Excellent agreement was observed for the elastic and elasto-plastic responses provided in the lit-
erature. However, significantly different responses were observed when the FLHB plastic-damage solution was computed,
revealing the importance of considering material degradation in numerical analyses. The plastic-damage solutions could
not be compared with the literature, as they are a novel contribution of this manuscript. The presented set of results is pro-
posed as the new benchmarks to which non-linear plastic-damage responses of truss structures under dynamic loading
should be compared.
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